Abstract. Entov and Polterovich considered the concept of heaviness and superheaviness by the OhSchwarz spectral invariants. The Oh-Schwarz spectral invariants are defined in terms of the Hamiltonian Floer theory. In this paper, we define heaviness and superheaviness by spectral invariants defined in terms of the Lagrangian Floer theory and provide their applications. As one of them, we define a relative symplectic capacity which measures the existence of Hamiltonian chord between two disjoint Lagrangian submanifolds and provide an upper bound of it in a special case. We also provide applications to non-degeneracy of spectral norms, a relative energy capacity inequality, fragmentation norm and non-displaceability.
Principal Results
1.1. Introduction. In a series of papers by Entov and Polterovich et al., they constructed a fertile theory by asymptotic Oh-Schwarz spectral invariants. Polterovich and Rosen's book "Function theory on symplectic manifolds" [PR] is a good survey of their works.
In their theory, (abstractly) displaceable subsets play important roles in many situations. In the present paper, we consider a relative version of their theory i.e. we replace abstract displaceability in their theory with relative displaceability from a fixed Lagrangian submanifold. Our main tool is a Lagrangian spectral invariant whose properties are studied by Leclercq and Zapolsky [LZ] .
We provide applications of our observation to non-displaceability, a relative version of energy capacity inequality, Poisson bracket invariant for open covers and existence problem of a Hamiltonian chord between two disjoint submanifolds.
1.2. Notions on Hamiltonian isotopies and monotonicity of Lagrangian submanifolds. Let (M, ω) be a symplectic manifold. For a Hamiltonian function H : M → R with compact support, we define the Hamiltonian vector field X H associated with H by ω(X H , V) = −dH(V) for any V ∈ X(M), where X(M) is the set of smooth vector fields on M.
Let S 1 denote R/Z. For a (time-dependent) Hamiltonian function H : S 1 × M → R with compact support and for t ∈ S 1 , we define H t : M → R by H t (x) = H(t, x). Let X t H denote the Hamiltonian vector field associated with H t and {φ t H } t∈R denote the isotopy generated by X t H such that φ 0 = id. Let φ H denote φ 1 H and φ H is called the Hamiltonian diffeomorphism generated by H. For x ∈ M, let γ Let X, Y be subsets of a symplectic manifold (M, ω) . X is displaceable from Y if there exists a Hamiltonian function H : S 1 × M → R such that φ H (X) ∩Ȳ = ∅, whereȲ is the topological closure of Y. X is non-displaceable from Y otherwise. X is (abstractly) displaceable if X is displaceable from X itself.
For Hamiltonian functions F, G : S 1 × M → R, let F♮G : S 1 × M → R denote a Hamiltonian function defined by (F♮G)(t, x) = F(t, x) + G(t, (φ L is said to be monotone if L is λ-monotone for some positive number λ. Note that L is λ-monotone for any positive number λ if L is a Lagrangian submanifold with π 2 (M, L) = 0.
The minimal Maslov number N L of L is defined to be the positive generator of the subgroup µ(π 2 (M, L) ) of Z if it is nontrivial, and we set N L = ∞ otherwise.
1.3. Lagrangian heaviness and superheaviness. Let L be a monotone Lagrangian submanifold of a closed symplectic manifold (M, ω) with N L ≥ 2 and QH * (L) 0.
For an element a of the quantum homology QH * (L) and a continuous function H : S 1 × M → R, Leclercq and Zapolsky defined the Lagrangian spectral invariant c L (a, H) ∈ R (See Section 2).
For an idempotent a of the quantum homology QH * (L), we define the functional ζ A closed subset X of (M, ω) is called L-(super)heavy in the Lagrangian sense if X is (L, a)-(super)heavy for some idempotent a of QH * (L) .
By an argument similar to [EP09] , we see that X is (L, a)-heavy if X is (L, a)-superheavy. By Theorem 39 of [LZ] , we can prove the following theorem.
Theorem 1.2. Let L 1 , L 2 be monotone Lagrangian submanifolds with same monotonicity constants of closed symplectic manifolds (M 1 , ω 1 ), (M 2 , ω 2 ) with N L 1 ≥ 2, N L 2 ≥ 2, respectively. Let X 1 , X 2 be a (L 1 , a 1 )-heavy, (L 2 , a 2 )-heavy subset, respectively. Then X 1 ×X 2 is a (L 1 ×L 2 , a 1 ×a 2 )-heavy subset.
1.4. Examples. We provide some examples of heavy and superheavy subsets. A priority of Entov-Polterovich's theory is that we can prove non-displaceability of singular subsets. Entov and Polterovich proved that a stem which can be singular is superheavy ([EP09] ). We pose a generalization of concept of stem.
Any stem in the original sense of [EP09] is also an L-stem for any L.
Theorem 1.4. Let L be a monotone Lagrangian submanifold of a closed symplectic manifold (M, ω) with N L ≥ 2 and QH * (L) 0. Then any L-stem is (L, a)-superheavy for any non-trivial idempotent a.
It is a natural problem whether (super)heaviness with respect to some idempotent implies (super)heaviness with respect to another idempotent. We provide the following two results. In Section 3, we provide more generalized theorems. Corollary 1.5. Let L be a monotone Lagrangian submanifold of a closed symplectic manifold
Corollary 1.6. Let L be a monotone Lagrangian submanifold of a closed symplectic manifold
The proof of Corollary 1.6 is similar to Theorem 1.5 of [EP09] and thus we omit the proof. We provide many examples of heavy or superheavy subsets when M is a 2-torus. For a positive number R, we define the 2-torus T 2 R by T 2 R = R/RZ × R/Z with the coordinates (x, y). For s ∈ R/RZ and t ∈ R/Z , let L s m and L t l be a meridian curve {x = s} and a longitude curve {y = t} , respectively.
We have many examples of heavy, superheavy subsets of T 2 R .
Proposition 1.7. For any positive number R, the following propositions hold on T
Later, we provide a generalization of (3) of Proposition 1.7 (See Proposition 10.3).
1.5. Applications to non-displaceability. As an application of Lagrangian spectral invariants to non-displaceablity, we have the following theorem.
Theorem 1.8. Let L be a monotone Lagrangian submanifold of a closed symplectic manifold
As a corollary of Theorem 1.2, (3) of Proposition 1.7, Theorem 1.4 and Theorem 1.8, we obtain the following corollary.
Corollary 1.9. Let L be a monotone Lagrangian submanifold of a closed symplectic manifold Entov and Polterovich proved that any moment map has at least one fiber which is nondisplaceable from itself (Theorem 2.1 of [EP06] , Theorem 6.1.8 of [PR] ). We improve their result under an assumption that M admits a Lagrangian submanifold satisfying some conditions. Corollary 1.11. Let L be a monotone Lagrangian submanifold of a closed symplectic manifold
Proof. Assume on the contrary that
Hence, any fiber of Φ is an L-stem and thus, by Theorem 1.4 and Theorem 1.8, non-displaceable from L. This is a contradiction. Remark 1.12. By an argument similar to Subsection 9.2 of [PR] , we can regard Corollary 1.11 as a corollary of Theorem 1.18.
1.6. Non-degeneracy of spectral norms and the energy capacity inequality. In the process of proving (3) of Proposition 1.7, we prove the non-degeneracy of spectral norms. Theorem 1.13. Let L be a monotone Lagrangian submanifold of a closed symplectic manifold (M, ω) with N L ≥ 2 and QH * (L) 0. Then for any idempotent a of the quantum homology QH * (L) and any Hamiltonian function H :
On the case of the Oh-Schwarz spectral invariants, the non-degeneracy of spectral invariants is proved by Schwarz [Schw] when (M, ω) is symplectically ashperical and H is non-degenerate. After that, Oh [Oh05a] generalized it to the case in which (M, ω) is a general closed symplectic manifold and H is a general Hamiltonian function. Frauenfelder and Schlenk [FS] proved it when (M, ω) is a weakly convex symplectic manifold and H is a general Hamiltonian function.
Polterovich and Rosen gave another proof of Oh's result using a Poisson bracket inequality (Proposition 4.6.2 of [PR] ). Similarly to Polterovich and Rosen, we use Poisson bracket inequality to prove Theorem 1.13. However, our Poisson bracket inequality is weaker than their one and we have to improve their argument.
Remark 1.14. The author tried to prove the non-degeneracy of spectral norms by an idea similar to Schwarz or Oh or Frauenfelder-Schlenk's one, but it failed because of some difficulties. Here, we explain one of them. In Schwarz and Oh's proof, it is important to prove the existence of a (broken) Floer trajectory between two orbits which represent [M] and [pt] , where [pt] is the homology class representing a point (See Subsection 2.3 of [Schw] and Theorem 5.4 of [Oh05a] ). In our case, QH * (L) ≡ H * (L) does not hold in general, and thus we cannot take a homology class in QH * (L) representing [pt] in general.
As its application, we obtain a relative version of the energy capacity inequality which is announced by Lisi and Rieser (Theorem 4.1 of [LR] ) and proved by Humilière, Leclercq and Seyfaddini for cotangent bundles (Lemma 7 of [HLS] ).
Let (N, ω) be a symplectic manifold and L a closed subset of N. 
A Hamiltonian function
and all of its Hamiltonian chord of length at most 1 from L to L are constant i.e. for any 0 < t ≤ 1 and any smooth path
Remark 1.17. Our definition of simplicity follows [FGS] and it is slightly different from Lisi and Rieser's original one. In their original definition, "The only critical values of H are 0 and m(H)" is replaced by "0 ≤ H(x) ≤ m(H) for all x ∈ M". Note that Theorem 1.16 does not imply Lisi and Rieser's original energy capacity inequality.
1.7. Application to Poisson bracket invariant. Let Q N denote the cube [0, 1] N . For a partition of unity F = {F 1 , . . . , F N } on a symplectic manifold (M, ω) , we define the magnitude κ cl ( F) of its Poisson noncommutativity by
For an open cover U of M, we define the Poisson bracket invariant pb(U) = inf κ cl ( F). Here the infimum is taken over all partition F of the unity subordinated to U.
For an open cover
The following theorem is a relative version of Theorem 3.1 of [P] and Theorem 9.2.2 of [PR] (see also Theorem 1.8 of [EPZ] ).
In particular,Ē(U; L) > 0 and
Polterovich used the Poisson bracket inequality efficiently to prove the original (abstract) version of Theorem 1.18, but our Poisson bracket inequality (Proposition 7.3) is too complicated to prove Theorem 1.18. For this difficulty, we avoid to use a partial symplectic quasi-state. Instead of this, we use a Lagrangian spectral invariant directly. The reason why Polterovich used a partial quasi-state is that it has the semi-homogeneity property. Instead of the semihomogeneity property of a partial symplectic quasi-state, we use the Hamiltonian shift property of a Lagrangian spectral invariant.
We provide an application of Theorem 1.18. For an open cover
• U i S 1 , V j S 1 and W k S 1 for any i, j and k, • 0 ∈ U i for any i = 1. . . . , M and 0 V j for any j = 1, . . . , N. We define a cover U of T
Then, any element of U is displaceable from {0} × S 1 . Thus, by Theorem 1.18, pb(U) is positive. Similarly, we can prove that pb(U × U) is also positive. On the other hand, we can easily confirm that pb(U ′ ) = 0 where
Remark 1.20. Kaoru Ono pointed out that we can prove positivity of pb(U) > 0 by the original Polterovich's theorem when {U 1 , . . . , U M } is not an open cover of a circle S 1 = R/Z.
We note that the assumption QH * (L) 0 in Theorem 1.18 is essential. QH * (L) 0 implies non-displaceability of L. We provide the following proposition if L is displaceable. Proposition 1.21. Let X be a closed subset of a closed symplectic manifold (M, ω) . Assume that X is displaceable from X itself. Then, there exists an open cover U = {U 1 , . . . , U N } of M such that any U i is displaceable from X and pb(U) = 0. 
where
Remark 1.22. Buhovsky, Entov and Polterovich studied existence problem of Hamiltonian chords between two disjoint subsets under some robust restriction on the C 0 -profile of the Hamiltonian function ( [BuEP] ). They made a method to find a Hamiltonian chord whose length is equal to or smaller than 1. On the other hand, an upper bound of C BEP provides a Hamiltonian chord whose length is equal to 1.
Here α s is the homotopy class of
In [K16] , the author used the fact "the meridian curve is heavy in the sense of Entov and Polterovich" ([EP09] ). We use (3) of Proposition 1.7 instead of that fact.
In contrast, we prove the following proposition when Z is displaceable from L (recall that (L, a)-heavy subset is non-displaceable from L). Proposition 1.24. Let Z be a displaceable compact of a closed symplectic manifold (M, ω) .
The proof is also a Lagrangian analogue of [K16] .
Technical remark. In the case of Oh-Schwarz spectral invariants, (abstractly) displaceable open subsets have some special property. The source of these properties is the bounded spectrum condition for (abstractly) displaceable subsets (Proposition 4.4),
In our Lagrangian spectral invariants, we prove the bounded spectrum condition for relatively displaceable subsets (Proposition 4.2) and it enables us to make relative versions of some known results.
However, it is not sufficient to replace the bounded spectrum condition for (abstractly) displaceable subsets with the one for relatively displaceable subsets. There is a large technical difference between Oh-Schwarz spectral invariants and Lagrangian spectral invariants. OhSchwarz spectral invariants are invariant under the action of Hamiltonian diffeomorphisms, but the same property does not hold for Lagrangian ones. This difference makes some technical difficulties.
In the author's opinion, the easiest way to understand this difficulty is comparing our Poisson bracket inequality (Proposition 7.3) with the original one (Theorem 3.1 of [P] and Proposition 4.6.1 of [PR] ). For more precise explanation, see Remark 7.4.
Overview of the present paper. In Section 2, we prepare some notions and define Lagrangian spectral invariants. In Section 3, we prove Corollary 1.5.
In Section 4, we define the bounded spectrum condition for open subsets of a symplectic manifold. We prove abstractly or relatively displaceable open subsets satisfy the bounded spectrum condition (Propositions 4.2, 4.3). In Section 5, we prove Theorem 1.18 and Proposition 1.21.
In Section 6, we provide some properties of asymptotic Lagrangian spectral invariants and prove Theorem 1.8.. In Section 7, we formulate a Lagrangian version of Poisson bracket inequality (Proposition 7.3) which is necessary for proving some results in this paper.
In Section 8, we prove some properties of asymptotic Lagrangian spectral invariants and Theorem 1.4. In Section 9, we prove Theorem 1.13. In Section 10, we prove a relative version of the energy capacity inequality (Theorem 1.16) by Theorem 1.13.
In this section, we also prove Proposition 1.7. To prove heaviness of a longitude curve with respect to a meridian curve ((3) of Proposition 1.7), we use Theorem 1.13.
In Section 11, we prove Theorem 1.23 by (3) of Theorem 1.7. In Section 12, we prove Proposition 1.24.
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Preliminary
In the present paper, we follow the notion of [LZ] and we consider only the case in which the coefficient on Floer theory is Z/2Z.
For a subset X of M, we define
where 0 X is the trivial element of π 1 (M, X).
To consider the Lagrangian Floer theory, we consider the following covering spaceΩ 0 (L) of Ω 0 (L) . Note that our explanation is a rough sketch and omit the definitions of some words. See [LZ] and [Z] for them and details.
Let
For a connected subset X of M, let Ch(H; X) denote Ch(H; X, X, 0 X ). We define its covering
Then we regardCh(H; L) as the set of critical points of
We define the non-degeneracy of Hamiltonian functions as follows:
When H is non-degenerate, the Floer chain complex CF * (H; L) is generated by Ch(H; L) as a module over Z/2Z. The complex CF * (H; L) is graded by the Conley-Zehnder index ind CZ . Note that ind CZ ([z,ẑ♮A] 
, where c x is a trivial capping disk and ind Morse is the Morse index. We formally obtain the boundary map of this complex by counting isolated negative gradient flow lines of A L H and we define its homology group HF * (H; L) which is called the Lagrangian Floer homology on contractible trajectories of H.
Oh [Oh94] , Biran and Cornea [BC] (see also [LZ] ) defined the quantum homology QH * (L) of a monotone Lagrangian submanifold L with N L ≥ 2 and proved that there exists a natural isomorphism Φ : QH * (L) → HF * (H; L). We call this isomorphism the PSS isomorphism ( [PSS96] ).
Biran and Cornea defined the quantum product * on QH * (L) . QH * (L) has the fundamental class [L] which is the unit with respect to
For a non-zero element a of QH * (L), we define the spectral invariant associated with H and a by c
It is known that c L (a, H) is a finite number for any non-degenerate H and any non-trivial a ∈ QH * (L).
Let H :
where {H n } n is a sequence of non-degenerate Hamiltonian functions converging to H in L ∞ -norm. It is known that this limit exists and does not depend on the choice of {H n } n . For a more precise argument, see Subsection 3.3 of [LZ] .
In the present paper, the following proposition of Leclercq and Zapolsky plays a very important role.
Proposition 2.2 (Theorem 3 and Proposition 4 of [LZ] ). The spectral invariant has the following properties for any non-trivial elements a, b of QH * (L) .
(1)Lipschitz continuity: For any continuous functions F, G : 
where H + ρ :
Spectrality: For any smooth function H :
For a general Hamiltonian function H : S 1 × M → R (H can be degenerate), we define the spectral invariant c L (a, H) by the Lipschitz continuity. Then the spectral invariant defined for general Hamiltonian functions also satisfies the properties in Proposition 2.2.
In this paper, we also consider spectral invariant defined in terms of the Hamiltnian Floer theory (see [Schw] , [Oh05b] and [Oh06] ). For a closed symplectic manifold (M, ω), we have the quantum homology QH * (M) (For simplicity, we consider the coefficient Z/2Z). For a nontrivial element a of the quantum homology QH * (M) and a continuous function H : S 1 × M → R, let c(a, H) denote the Oh-Schwarz (Hamiltonian) spectral invariant associated with a and H. There are some conventions of the Oh-Schwarz spectral invariants, We use the same convention as [EP09] . In this paper, we use the same convention as [EP09] and [LZ] and compare our spectral invariants with the Oh-Schwarz spectral invariants.
The quantum homology QH * (M) acts on QH * (L) via the quantum module action ( [BC] , [Z] ),
Related to this action, we have the following convenient inequality.
Proposition 2.3 (Proposition 5 of [LZ] ). Let e be an element of QH * (M) and e ′ an element of QH * (L) .
For any Hamiltonian functions F, G :
3. Proof of Corollary 1.5
We provide the following theorem which generalizes Corollary 1.5.
Theorem 3.1. Let L be a monotone Lagrangian submanifold of a closed symplectic manifold (M, ω) with N L ≥ 2 and QH * (L) 0. Let e be an idempotent of QH * (M) and e ′ an idempotent of QH * (L) . Assume that there exists an element e ′′ of QH * (L) such that e • e ′′ = e ′ . Then
Since [M] • e ′ = e ′ , Corollary 1.5 follows from Theorem 3.1. To prove Theorem 3.1, we prove the following lemma. 
Thus, by diving by k and take the limit, we complete the proof.
By Definition 1.1, Theorem 3.1 immediately follows from Lemma 3.2. The idea of comparing Lagrangian spectral invariant and Hamiltonian spectral invariant using the module structure • comes from Section 6 of [LZ] .
4. The bounded spectrum condition and Lagrangian version of Ostrover's trick
The following notion was introduced by the author. An open subset U of M satisfies the bounded spectrum condition with respect to a if there is a positive number K such that c L (a, F) < K, for any Hamiltonian function F : S 1 × U → R with compact support. A subset X of M satisfies the bounded spectrum condition with respect to a if there is an open neighborhood U of X such that U satisfies the bounded spectrum condition with respect to a.
In this section, we give some examples of open subsets with the bounded spectrum condition. By considering a Lagrangian analogue of Ostrover's argument [Os] , we prove the following proposition. We use this proposition for several times in this paper. 
Proof. We give an upper bound of the spectral invariant associated with F using the concatenation with φ 
, 1].
Since ∂χ ∂t = 0 on neighborhoods of t = 0 and t = 
U. Thus γ x K s is equal to γ xH up to parameter change and 
By the Lipschitz continuity for spectral invariants (Proposition 2.
Then c L (a, F) is estimated as follows.
For (abstractly) displaceable subsets, we have the following proposition. Proof of Proposition 4.3. By Proposition 2.3,
By Proposition 4.4, c([M], F) ≤ c([M], H) + c([M],H).
Thus,
By the Lipschitz continuity of Lagrangian spectral invariant, the following corollary immediately follows from Proposition 4.2, 4.3 and (1), (5) of Proposition 2.2. 
Application to Poisson bracket invariant
Lemma 5.1. For any Hamiltonian functions F, G :
Proof. For any t > 0 and x ∈ M,
Thus, for any t,
By the Lipshitz continuity,
Proof of Theorem 1.18. Let F be a partition of the unity subordinated to U. Fix a positive number R. Define functions
By Lemma 5.1 and the definition of
Thus, by the triangle inequality,
By the triangle inequality,
By the Hamiltonian shift property ((4) of Proposition
The right-hand side is minimized by R = (2Ē(U; L))
By taking the infimum over all partition F of unity subordinated to U,
Proof of Proposition 1.21. Let F be a smooth function such that F −1 (0) = X. Since F −1 (0) = X is displaceable from X, there is a positive number ǫ such that +∞) ) and set U = {U 1 , U 2 , U 3 }. By the definition, U 2 is displaceable from X. U 1 and U 3 are disjoint from X and in particular, displaceable from X. Since U 1 ∩ U 2 ∩ U 3 = ∅, pb(U) = 0. Thus this U satisfies all of the conditions.
Properties of partial quasi-state
Let L be a monotone Lagrangian submanifold of a closed symplectic manifold (M, ω) with N L ≥ 2 and QH * (L) 0. ζ L a satisfies the following properties. Proposition 6.1.
(1)Partial quasi-additivity: For Hamiltonian functions F, G : M → R with {F, G} = 0 and (2) and (3) of Proposition 6.1 are quite similar to the corresponding statements on Oh-Schwarz spectral invariants (Theorem 3.6 of [EP09] ) and thus we omit the proofs.
To prove Theorem 1.8, we prepare some properties of ζ The proof of Proposition 6.2 is quite similar to the proof of (iii) of Theorem 1.4 in [EP09] and thus we omit the proof. Lemma 6.3. For any continuous function F :
where F • ψ is a function defined by
The proof of Proposition 6.3 is quite similar to the proof of 2 of Theorem 1.8 in [MVZ] and thus we omit the proof.
By the definition of heaviness and superheaviness, Lemma 6.3 implies the following corollary.
Corollary 6.4. Let L be a monotone Lagrangian submanifold of a closed symplectic manifold (M, ω) with N L ≥ 2 and QH * (L) 0, a a non-trivial idempotent of QH * (L) and X a (L, a)-heavy subset. Then ψ(X) is a (L, a)-heavy subset for any Hamiltonian diffeomorphism ψ.
Proof of Theorem 1.8. To prove by contradiction, suppose that there exists a Hamiltonian diffeomorphism ψ such that
Since Y is (L, a)-superheavy, this contradicts Proposition 6.2.
Poisson bracket inequality on Lagrangian spectral invariants
A large difference between our work and Entov and Polterovich's original argument is that Lagrangian spectral invariants are not invariant under the action of Hamiltonian diffeomorphisms. We need a more complicated argument than the Entov and Polterovich's original one.
In this section, we use spectral invariants defined on the universal covering of the group of Hamiltonian diffeomorphisms. To define them, we prepare some notions.
Let ( (M, ω) .
For a non-trivial element a of QH * (L) and an elementφ of Ham(M, ω), we define its spectral invariant c
where H : S 1 × M → R is a normalized Hamiltonian function with compact support such thatφ H =φ. By the homotopy invariance ((2) of Proposition 2.2), c L (a, H) does not depend on the choice of H and hence c L (a,φ) is well-defined. For normalized Hamiltonian functions F, G : S 1 × M → R, F♮G is also a normalized Hamiltonian function. Thus, the following triangle inequality follows from (3) of Proposition 2.2.
For a non-trivial idempotent a of QH * (L), we define the homogenization σ
By Proposition 7.1, we can prove the existence of this limit.
For a non-trivial element a of QH * (L) and elementsf ,g of Ham(M, ω), we define the following invariant q a,f (g) by
For simplicity, let q a (g) denote q a,id (g). The author does not know whether q a,f (g) < +∞ for anyf ,g ∈ Ham(M, ω). Then we can prove the following proposition which generalizes Proposition 3.5.3 in [PR] .
Proposition 7.2. Let L be a monotone Lagrangian submanifold of a closed symplectic manifold
Thus, by Proposition 7.1,
, by Proposition 7.1 and the definition of
.
. Thus, by Proposition 7.1 and the definitions ofh and
By dividing by k and passing to the limit as k → +∞, we complete the proof.
For autonomous Hamiltonian functions F, G : M → R, we define D(F, G) by
We give a generalization of Poisson bracket inequality.
Proposition 7.3. Let L be a monotone Lagrangian submanifold of a closed symplectic manifold (M, ω) with N L ≥ 2 and QH * (L) 0. Then, for any non-trivial idempotent a of QH * (L) and any Hamiltonian functions F, G :
In the present paper, we give good upper bounds of D(F, G) under some situations. By Proposition 2.2 and Proposition 7.2, we can prove Proposition 7.3 quite similarly to Proposition 4.6.1 of [PR] . Therefore we omit the proof of Proposition 7.3.
Remark 7.4. Let U be an open subset with the bounded spectrum condition. If the equality "q a,f (g) = q a,id (g)" holds for anyf ,g ∈ Ham(M, ω), then we have D(F, G) < K for any Hamiltonian function F : M → R with Supp(F) ⊂ U.
In the case of Oh-Schwarz spectral invariants, a similar equality actually holds and hence we obtain an upper bound of D(F, G). However, in our case, the above equality does not hold and thus it is more difficult to give an upper bound of D(F, G). 
Proof. By the definition of the bounded spetrum condition, there is a positive number K such that c L (a, kG) < K, for any k ∈ Z. Then, by the triangle inequality and the homotopy invariance ( (2) and (3) 
To prove (1) and (1 ′ ) of Proposition 6.1, we give a more general proposition.
Proposition 8.2. For Hamiltonian functions F, G : M → R with {F, G} = 0 and Supp(G) satisfies the bounded spectrum condition with respect to a, ζ
Hence, by Proposition 8.1,
there is an open neighborhood U of Supp(G) which is displaceable from L. Thus, by Proposition 4.2, Supp(G) satisfies the bounded spectral condition with respect to any idempotent a and thus, by Proposition
We can prove (1) of Proposition 6.1 by Proposition 4.3 similarly to (1 ′ ) of Proposition 6.1. The proof of Theorem 1.4 is quite similar to the one of the original stem case if we know (1) and (1 ′ ) of Proposition 6.1 and we omit the proof.
Non-degeneracy of spectral norms
We prove the following lemmas for a non-trivial idempotent a of QH * (L) with c L (a, 0) ≤ 0.
By the triangle inequality and the homotopy invariance ( (3), (2) 
Lemma 9.2. Assume that an idempotent a of QH * (L) satisfies c L (a, 0) ≤ 0. For any ψ ∈ Ham(M, ω) and any Hamiltonian function F :
Proof. Take a normalized Hamiltonian H generatingψ. By (2) of Proposition 2.2,
. Thus, by the definition of q a,φ F (φ), we complete the proof. Proof. Fix a Riemannian metric on M. For a subset X and a positive number r, let N r (X),N r (X) denote the r-neighborhood of X, its topological closure, respectively. SinceÛ ∩ L ∅, we can take a point x inÛ ∩ L. Then, there exists a positive number ǫ such
Take a partitions {P, S , K} of unity subordinated to the open cover
To prove by contradiction, we assume c L (a, tP) ≤ 0 for any real number t. Since P is a timeindependent Hamiltonian function, (tP) = −tP for any t and hence (φ tP ) −1 =φ −tP . Thus, for any t,
Since U P and U K are displaceable from L, by Propositions 4.2 and 8.1,
Hence we prove that c L (a, tP) > 0 for some t. Since Supp(P) ⊂ U P ⊂Û, we complete the proof.
there is an open subset U of M such thatφ H (U)∩L = ∅ and U∩L ∅. Then, by Lemma 9.3, there exists a Hamiltonian function F :
10. The energy capacity inequality and heavy, superheavy subsets on a torus Proposition 10.1. Let L be a Lagrangian submanifold of a closed symplectic manifold (M, ω)
Proof of Theorem 1.16. Let F be an L ∩ U-simple and L ∩ U-slow Hamiltonian function with compact support on U. Define the Hamiltonian functionF : M → R bŷ
Then, by the definition of L-simplicity,F is an L-slow Hamiltonian function with compact support on M. Then, by Proposition 10 L) . By taking the supremum over all L ∩ U-simple and L ∩ U-slow functions with compact support on U, we complete the proof.
To prove (3) of Proposition 1.7, we use the following lemma. 
We can prove the following proposition similarly to (3) of Proposition 1.7.
Proposition 10.3. Let L be a monotone Lagrangian submanifold of a closed symplectic mani-
′ be a compact Lagrangian submanifold of (M, ω) . Assume that there are a Weinstein coordinate w :
Also assume that L ′ is diffeomorphic to a torus or a negatively curved Riemannian manifold and the map ι * π 1 (
For example, we can apply Proposition 10.3 to a Riemann surface with higher genus. We give proofs of the other parts of Proposition 1.7.
Proof of (1) 
Proof of (2) (4) of Proposition 1.7. Take t ′ ∈ R/Z with t
Proof of (5) In order to prove Theorem 1.23, we give an upper bound of the spectral invariant associated with a Hamiltonian function F :
n and a positive real number ǫ with ǫ < min{R 1 , . . . ,
n , T n R is defined to be R/R 1 Z × · · · R/R n Z and we set the symplectic form
n with the coordinates (p, q) = (p 1 , . . . , p n , q 1 , . . . , q n ).
Proposition 11.1. Let L be a λ-monotone Lagrangian submanifold of a 2m-dimensional closed symplectic manifold (M, ω) with N L ≥ 2 and QH * (L) 0. Let s = (s 1 , . . . , s n ) and R = (R 1 , . . . , R n ) be elements of Z n and (R >0 ) n , respectively. For a positive real number ǫ with 3ǫ < min{R 1 , . . . , R n }, let U ǫ be the open subset of T n R × T n defined by
n are the projections defined by pr 1 (x, p, q) = x and pr 2 (x, p, q) = (p, q). Then for any Hamiltonian function F :
To prove Proposition 11.1, we use the following proposition. For a smooth path z : [0, 1] → M, let ev(z) denote the point z(0). Proposition 11.2. Let W be an open subset of a 2w-dimensional connected closed symplectic manifold (Ŵ, ω),Ẑ 0 ,Ẑ 1 compact λ-monotone Lagrangian submanifolds ofŴ with NẐ 0 ≥ 2 and QH * (Ẑ 0 ) 0 and α a homotopy class of π 1 (Ŵ,Ẑ 0 ∪Ẑ 1 ). Assume that a Hamiltonian function H :Ŵ → R satisfies the following conditions.
•
On some Weinstein neighborhood of Z 0 , H is the pullback of a Morse functionH :
Then for any Hamiltonian function F : S 1 ×W → R with compact support such that Ch(F;
Proof. To give an upper bound of the spectral invariant associated with F, we consider the concatenation of φ 1 F and a Hamiltonian diffeomorphism φ 1 H with trajectories inᾱ. Let K : S 1 ×Ŵ → R be a Hamiltonian function defined by 
Since ι preserves values of the action functionals,
Thus, by −w ≤ µ(A) ≤ 0 and λ ≥ 0, cẐ
, the Lipschitz continuity and the homotopy invariance for spectral invariants (Proposition 2.2 (1) and (2)) imply
The idea of using a Hamiltonian function H satisfying the above conditions comes from Irie's paper [I] . Seyfaddini's techniques of using the monotonicity assumption [Se] are also important in our proof.
To prove Proposition 11.1, we construct the Hamiltonian function H in Proposition 11.2 using H R,ǫ,e given by the following lemma.
Lemma 11.3. Let R, ǫ be positive real numbers such that 3ǫ < R. Let w 1 and w 2 denote the points (ǫ, 0) and (2ǫ, 0) in T 1 R × T 1 , respectively. For an integer e, there exists a Hamiltonian function H R,ǫ,e : T 1 R × T 1 → R satisfying the following conditions.
is the set of critical points of H R,ǫ,e .
Proof. Let H R,ǫ,e : T 1 R → R be a function satisfying the following conditions.
Define the Hamiltonian function H R,ǫ,e : T 1 R × T 1 → R by H R,ǫ,e (p, q) = H R,ǫ,e (p). Then, the last condition follows from C 1 -smallness of dH R,ǫ,e near p = ǫ, 2ǫ. The other conditions immediately follow from the conditions of H R,ǫ,e : T 1 R → R. Proof of Proposition 11.1. To use Proposition 11.2, we construct the Hamiltonian function H.
Define the Hamiltonian function H
In order to compute the spectral invariant associated with F, we take a perturbation of pr Let G : M → R be a function satisfying the following conditions.
• On some Weinstein neighborhood of L, G is the pullback of a C 2 -small Morse functioñ G : L → R, . . , w j n ), (0, . . . , 0))} i∈{1,...,k}, j 1 ,..., j n ∈{1,2} = Crit(H| L×(T n R ×{0}) ). By conditions of H R i ,ǫ,e i 's and G, dH is C 1 -small near critical points of H| L×(T n R ×{0}) . Thus ind Morse (x) = ind CZ ([x, c x ]), for any point x in Crit(H| L×(T n R ×{0}) ). Hence H satisfies the conditions of Proposition 11.2 and thus we apply Proposition 11.2. By Proposition 11.2 and ||H|| L ∞ = ||H|| L ∞ , the Lipschitz continuity and the homotopy invariance for spectral invariants (Proposition 2.2 (1) and (2)) imply
Since the Morse function G is sufficiently C 2 -small, 
